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Abstract 

The graded quotients of the logarithmic ramification groups of a local field 
of mixed characteristic is killed by the residue characteristic. Its characters are 
described by differential forms. 



Let K he a. complete discrete valuation field and F be the residue field. We do not 
assume that F is perfect. We fix a separable closure K of K. The residue field F of ^ is 
an algebraic closure of F. In [U Definition 3.12], we defined a filtration by ramification 
^ ! groups on the absolute Galois group Gk = GaA{K/K) and a logarithmic variant. In this 

^ I paper, we only consider the logarithmic variant and, by dropping the suffix log in the 

notation, let (G'^)re(Q,r>o denote the decreasing filtration by logarithmic ramification 



OO ■ groups. For r > 0, we put G^ = [Js>r^K- ^^ Theorem 5.12], we proved that the 



graded quotient Gt^Gk = G^j^/G^j^ is an abelian group. In this paper, we prove the 
following. 



Theorem 1 Assume that the residue field F is of characteristic p > 0. Then, the 
abelian group Gt^Gk = G^^/G^j^ is annihilated by p for every r > 0. 

rS I Liang Xiao claims Theorem [1] in [Jt Theorem 3.7.3]. 

cd I Theorem [1] is proved in the equal characteristic case in [3l Corollary 1.27]. Similarly 

as in the equal characteristic case, it is reduced to the case where the residue field F 
is of finite type over a perfect subfield k. In this case, an F- vector space f2ir(log) of 
finite dimension fitting in an exact sequence — )► ^p/^ — )• r2i?(log) — t- F — )■ is defined 
(see fll.ip ). Let ord^ be the valuation of K extending the normalized valuation ordj^ 
of K and we put m^ = {x E K \ ord^a; > r} and m^ = {x E K \ oTd^x > r} and 

we consider the F-vector space Qp = Homj7(r2ir(log), m^/m^) as a smooth additive 
algebraic group over F. In [21 (5.12.1)], further a canonical surjection 

(0.1) TT.i&Pr^^Gr'GK 

is defined (see (II. 6p ). Let 7ri(6jl^ )^'^ denote the quotient of ■7Ti{<dp)''^^ classifying etale 
isogenies. Then, 7Ci{Qp )^^^ is a profinite abelian group killed by p = charF > and 

1 



the character group Hom(7ri(OjI^ )^'s,Fp) is canonically identified with the dual space 
Homj7'(m^/m^, ^^^(log) ® -F), by pulhng-back the Artin-Schreier covering G^ — t- G^ : 
1 1— !■ t^ — t by hnear form. The main theorem of this paper is the following. 

Theorem 2 We assume that the residue field F is finitely generated over a perfect 
subfield k of characteristic p > 0. Then, the canonical surjection (10. ip factors through 
the quotient T^iiQpY^^ . Consequently, the abelian group Gt^Gk is killed by p and there 
exists a canonical injection 

(0.2) Hom(Gr"Gx, Fp) -^ Hom^(m^/m^, fiF(log) ® F). 

Since Theorem [2] is also proved in the equal characteristic case in [31 Theorem 1.24], 
we prove it in the mixed characteristic case in this paper. The basic idea of the proof 
is the same as in the equal characteristic case. However, in the mixed characteristic 
case, the projections that played a crucial role in the proof in the equal characteristic 
case are not defined as maps of schemes. They are defined only as an infinitesimal 
deformation of a morphism of discrete valuation fields in the sense of Definition 12.11 
We show that an infinitesimal deformation induces a functor of Galois categories in 
Section 2 and that they satisfy a transitivity property in Section 3. We prove Theorem 
[2]in Section 4. In Section 1, we briefiy recall fundamental constructions in the definition 
of filtrations by ramification groups. 

The research is partly supported by Grants-in-aid for Scientific Research B-18340002 
and A-22244001. 



1 Brief review of ramification theory 

Let i^ be a complete discrete valuation field. We assume that K is of characteristic 
and the residue field F is of characteristic p > 0. We assume that F is finitely 
generated over a perfect subfield k. We define an F- vector space of finite dimension 
^^(log) by 

(1.1) fiF(log) = {flp/k ®{F^ K''))/{da -a®a-ae O^), 

by an abuse of notation because ^^^^(log) depends not only on F but also on K. It fits 
in an exact sequence — )■ ^p/j^ -^ r2^(log) — )■ F — )• 0. For a G K^ , the image of 1 ® a 
is denoted by dloga. 

Let K be an algebraic closure of K. The residue field F of ^ is an algebraic 
closure of F. Let Gk and Gp be the absolute Galois groups Gal(^/i^) and Gal(F/F). 
We have a canonical surjection Gk -^ Gp. Let (G/^)re(Q,r>o denote the decreasing 
filtration by logarithmic ramification groups. For r > 0, we put G^ = IJs>r^ls'- 
For a finite etale i^-algebra L, we say that the log ramification of L is bounded by 
r+ if the natural action of Gk on the finite set Hom/^(L,^) factors through the 
quotient Gj{~^ = Gk/G'^^ . Let C]{^ denote the category of finite etale i^-algebras 



of log ramification bounded by r+. We identify the category C]^^ with the category 
(Gj^'^^-Sets) of finite sets with continuous action of G^;''^'^ by the natural anti-equivalence 
defined by the fiber functor attaching Homx(-^, K) to L. 

In the following of this section, we assume that r > is an integer. Let B^^'-* denote 
the F-vector space Homi?(r2p'(log),m'J^/my'^) of finite dimension regarded as a smooth 
algebraic group over F. We consider a natural action of Gp on 6^ = 0*^''^ Xp F. Let 
(G^'^^-FEt/9^ ) denote the category of finite etale schemes over Qp with a continuous 

action of G]^^^ = Gk/G^j^ compatible with that of Gp on Op. We briefly recall the 
construction of the functor 

(1.2) xP-.Ci'^^iG^'-^-FEt/Q^) 

in [2] with a slight modification replacing complete local rings by schemes of finite type. 

Lemma 1.1 Let L = Yl- Lj be a finite etale K-algehra and we put S = Spec Ok and 
T = Spec Ol- Then, there exists a commutative diagram 

T ^^ Qo < Eo 



(1.3) 

S -^-^ Po < ^0 

of schemes over the ring W{k) of Witt vectors satisfying the following conditions: 



1.31 1) The schemes Pq, Qq, Dq and Eq are smooth over W{k) and Dq C Pq and Eq C Qq 
are divisors. The vertical arrows are finite and flat. The left square is cartesian. 



1.31 2) Let s = Spec F E S denote the closed point and tj = Spec Fj G T denote 
the closed points. Then, the maps i and i' induces isomorphisms K,{i{s)) — > F 
and K{i'{tj)) — )■ Fj of residue fields. The closed subschemes S Xp^ Dq and 
T Xqj, Eq are equal to Spec F and to the reduced part (T Xg Spec -F)i.ed = 
]J ■ Spec Fj respectively. The canonical maps i7p^ /^.^Jlog-Do) 8) -F — ^ ^^(log) 
and VIq^ /w(k) (^°S -^o) ® Fj — )■ Qpi (log) are isomorphisms for every j . On a neigh- 
borhood of i'{tj), the pull-back Dq Xp^ Qq is equal to the divisor CjEq where Cj is 
the ramification index, for every j . 

Proof. We take elements oi, . . . , a„ G Ok such that the images oi, . . . , a„ in F form a 
transcendental basis F over k and that F is a finite separable extension of k{di, . . . , a„). 
Let Aq be the henselization of the subring W{k)[ai, . . . , a„] C Ok at the prime ideal 
(p) and Kq be the fraction field of the completion of the henselian discrete valuation 
ring Aq. 

Then i^ is a finite separable extension of Kq. Let Ki G K he the maximum 
unramified subextension over Kq. Then, there exist unique finite flat normal Aq- 
subalgebras ^i C A of Ok such that the natural maps A ®^„ Okq -^ Ok and Ai <^Ao 
Okq — ^ Oki are isomorphisms. 



We take a prime element tt oi A and let / G Ai [t] be the minimal polynomial. Let 
y4i{t} be the henselization at the maximal ideal {p, t). Then, we obtain an isomorphism 
Ai{t}/{f) — 7- A. It induces an isomorphism Ai{t}/{f,t) — )■ F. 

We may assume L is a finite separable extension of K. Similarly, there exists a 
unique finite fiat normal Ag-subalgebra B of Ol such that the natural map B^Ao^Kq -^ 
Ol is an isomorphism. 

Let F' be the residue field of L. We take elements bi, . . . ,bn € B such that the 
images bi, . . . ,bn in F' form a transcendental basis F' over k and that F' is a fi- 
nite separable extension of k{bi, . . . ,bn)- Let Bq be the henselization of the subring 
W{k)[bi, . . . ,bn] C Ol at the prime ideal (p). Then, we obtain Lq C Li G L and 
Bo G Bi G B as above. We take a prime element vr' of B and let g G Bi[t'] be the 
minimal polynomial. Then, we obtain an isomorphism Bi{t'}/{g) — )■ B. It induces an 
isomorphism Bi{t'}/{g,t') — )■ F'. 

Since Ai is essentially smooth over W{k), there exists a map Ai — )■ -Bi{t'} over 
W{k) lifting the composition Ai ^ A ^ B = Bi{t'}/{g). We put tt = uii"' for 
M G -B^ and take a lifting u G i?i{i'}^. We extend the map Ai — >■ -Bi{t'} to a map 
Ai{t} — ^ -Bi{t'} by sending t to tt ■ t''^. Thus, we obtain a commutative diagram 



;i-4) 



B i Bi{t'} ^^ Bi 



A < Ai{t} ^^ Ai 



of W^( A;)- algebras. 

We show that the left square gives an isomorphism A ®Ai{t} Bi{t'} — )• B. Since 
the maximal ideal of Ai is generated by the image of /, the maximal ideal of Bi is 
also generated by the image of /. Hence, the image of / in Bi{t'} is not in the square 
of the maximal ideal and we have (/) = {g) as ideals of Bi{t'}. Therefore the map 
A^Ai{t} Bi{t'} = Bi{t'}/{f) — 7- i? = Bi{t'}/{g) is an isomorphism. Consequently, the 
map ^i{t} — )■ Bi{t'} is finite fiat. Since the question is etale local on neighborhoods 
of the images of S and T, we deduce a diagram (11.31) satisfying the conditions fll.3[ l) 
and (11.31 2) from the diagram (11.41) . ■ 

We define a modification P^"^^ of the scheme Pq Xw(k) S as follows. We take a 
blow-up of Pq y<wik) S at Dq Xty(fc) Spec F and define a scheme P over S to be the 
complement of the union of the proper transforms of Pq Xw{k) Spec F and Dq Xwf^f.^ S. 
The map S* — >• Pq induces a section 5 — )■ P. We regard Sr = Spec Ok/^^k ^s a closed 
subscheme of P by the composition S*,. — ?■ 5 — ?■ P. We consider the blow-up of P at 
the closed subscheme 5*^ and define P*^^'-* to be the complement of the proper transform 
of the closed fiber P Xg Spec F. The schemes P and P*^*"^ are smooth over S. 

More concretely, the schemes P and P^'^^ are described as follows. Assume Pq = 
Spec Aq is affine and the divisor Dq is defined hy t E Aq. The image vr G Ok of t by 
the map Aq — )■ Ok corresponding to S* — )■ Pq is a uniformizer of K. Then, we have 
P = Spec A ioT A = Aq ^w{k) OKiU'^^j/i^Ut — tt). Let I be the kernel of the surjection 



A — )■ Ok induced by Aq — > Ok and U ^-^ 1. Then, we have P^^'^ = Spec A^^^ for 
AW = A[I/n'-] C A[l/7r]. 

The closed fiber Pp = P^'^^ X5 Spec F is canonically identified with the affine 
space 9*^^^ as follows. The canonical map ^\>g/s ®Op ^p ~^ ^\>/s ^^ uniquely extended 
to an isomorphism Qp^,g(\ogDo) ®Op Op — )■ f^p/5. Let X C Op denote the ideal 

sheaf defining the closed subscheme S G P. Then, the closed fiber Pp is canonically 
identified with the F-vector space Homj7(X/X^ ® F, m^/m^^) regarded as an affine 
space. By the isomorphisms Qp^,g(\ogDo) ®Op Op — )■ ^p/g, TjT? — )■ fip/5 ®Op Os 
and fip ,_g(logZ^o) ® F ^ VLp{\og), we obtain a canonical isomorphism 

(1.5) pP -^ OM. 

Let Qg be the normalization of the base change Qq Xp^ P^ and Qp be the 
closed fiber. Then, by the description of log ramification groups [2l Section 5.1], the 
log ramification of L is bounded by r+ if and only if the finite map Qp — > Q p is 
etale. Further, it is shown in [21 Lemma 5.10] that, if the log ramification of L is 
bounded by r+, the finite etale scheme Qp — )■ Qp with the natural action of Gk 
is independent of the choice of a diagram fll.3p and is well-defined up to unique iso- 
morphism. The functor X^ : Cf^ -^ (Cl'^^-FEt/eJ^^) ([L2D is defined by attaching 
qP to L. The composition of X%^ : Cf^ -^ (Gf +-FEt/eP) with the fiber func- 
tor Fg: {Gj^^-YYji/Qp) — )• (G';^^'''-Sets) at the origin G Qp recovers the natural 
equivalence of categories C]{^ — )■ (G';^'^^-Sets). 

Further, it is shown in |2l Theorem 5.12] that, for a finite etale K-aXgehia. L of 
log ramification bounded by r+, the finite etale covering X]^ [L) — t- Qp is trivialized 
by a universal abelian covering Qp^ . Thus, forgetting the Galois action on X^ [L] 

F 

,p Y^ -^ Gf+ defined by the functor X^ . 

(1.6) niiePT^ ^ Gi"^ Gk 

[21 (5.12.1)]. It is compatible with the Gi^-action defined by the actions of Gp on 6^ 
and the conjugate action on Gt^Gk- Since the inertia group / = Ker(Gi^ — )■ Gp) acts 
trivially on Qp , it follows that Gt^Gk is a central subgroup of I /G^j^. 

2 Infinitesimal deformation 

Let K and K' be complete discrete valuation fields. We say that a morphism f : K ^ 
K' of fields is an extension of complete discrete valuation fields if it induces a fiat local 
morphism Ok — ^ C'x', also denoted by / by abuse of notation. The integer e > 
characterized by /(mft:)^^'' = nT|^, is called the ramification index of /. 



and taking the fiber functor at the origin G Qp ^ we obtain a group homomorphism 
tii^QPY^ — > Gj[^ defined by the functor X^ . It induces a canonical surjection 



Definition 2.1 Let f : K —> K' be an extension of complete discrete valuation fields 
of ramification index e. For an integer r > 0, we call the pair {f,s) with an f -linear 
morphism e: r2^(log) — ?■ m^^,/v(f^t^ an infinitesimal deformation of f . 

We define a composition of infinitesimal deformations. Let f : K ^ K', g: K' ^ 
K" be extensions of complete discrete valuation fields of ramification indices e, e' 
and e: ^^(log) — )■ m^,/m^',"*'"'^ and e' : r2i?/(log) — )■ m^^Ir/m^,,'"''"'^ be /-linear and g- 
linear morphisms. Let (?*: m|J^//m^,"^^ — )■ m^,r/m^,r^^ be the map induced by g and 
/*: flp{\og) — )■ ^^^^/(log) be the map induced by /. Then, we define the composition 
{g, e') ° (/, £) to he {go f,g^oe + e'o /,). 

Let / : K ^ K' he an extension of complete discrete valuation field of ramification 
index e. Let r > an integer and we put r' = er. Let e: ^©^(log) — )■ m^^z/m^t^ be 
an /-linear morphism. For an infinitesimal deformation (/, e) of /, we define a functor 

(2.1) /,.:C|^+^C^'-'+ 



K' ■ 

We take separable closures K G K,K' G K' and an embedding f : K ^ K' . The 
residue fields F, F' of K, K' are algebraic closures of F and of F' . By [H Proposition 
3.15 (3)], the map /* : Gk' ^ Gk induces Cff + -^ Gf^. The embedding f:K^K' 
induces / : F ^ F' and defines a commutative diagram 

^K' ^ ^i^- 

(2.2) 

We recalled the definition of a functor X^ : C|"+ -^ {GJ^'^-YEi/Q^) ([L2D in Section 

1. The map e defines a geometric point e: F' — )■ 0j^ . The map e: F' ^ Qp is 
compatible with the morphism Gp' — ^ Gp. By the commutative diagram (12.21) . the 
fiber functor F,- defines a functor (G|''+-FEt/eJ^) -^ {Gf,'^-Sets) ~ C|:'+. We define 
a functor /^^ as the composition 

(2.3) F, o XP : C|'^+ ^ (Gf +-FEt/eP) ^ C|:'+. 

To describe a morphism f*: Gj^,^ — )■ G^-*^^ corresponding to the functor f^^, we 
introduce a terminology. Let G and G' be groups and G C G be a central subgroup. For 
morphisms of groups (p: G' ^ G and t/^ : G' — )■ G, we call the morphism cp^: G' —¥ G 
defined by (p-^{g) = (p{g)ip{g) for g G G', the deformation of </? : G' — )■ G by V' : G' ^ C. 

We consider the composition 

(2.4) ^1:'+ ^ G^*] -^^ 7ri(eJ))-b ^^ Gi'-Gk C G|'-+ = G^/G^/. 

As is remarked after (11. 6p . the subgroup Gr'^Gx C G^*^"*" is a central subgroup if the 
residue field F is separably closed. 



definition of the functor /e*, the finite G^, -set f£*{L) is defined as Xy{L) x (r) 

F 



Lemma 2.2 Assume that the residue field F is separably closed. Then, the func- 
tor /e^, : Cj^^^ — )■ C^r ^ is compatible with the deformation f*, : Gjf, ^ — > Gj^^^ of 
/*: Gir;+ -^ Gt+ by e,: G|:'+ ^ Gi^Ga- C Cf + (Q. 

Proof. We take a hfting Spec F' — )■ B^ to a universal abehan covering of the 
geometric point e: Spec F' — )■ 6^1^ and consider the bijection 

(2.5) xi,^^(L) XqM Spec F ^ 7ro(XJ^'^(L) x^m G^'^"") 

of finite sets for a finite etale /T- algebra L of ramification bounded by r+. By the 

Spec F' . The bijection (I2.5P is compatible with the map (/*,£*): Gj^,^ — )■ G^*^"*" x 
T^ii^pY^- By the definition of the canonical map (11.61) . the action of 7ri(0^)'^^ on the 
finite set 7ro(XJ^ (L) ^^ir) Qp ) is the same as that induced from the action of Gj^^'^ 
by (11. 6p . Thus the assertion follows. ■ 

If we choose a morphism of fiber functors, the functor f^,^ : Cjf~^ — )■ C^!^ ^ induces 
a morphism of groups f* : G j^*^ "^ — )■ G j;-'^^ . Without choosing a morphism of fiber 
functors, it is still well-defined up to conjugate. Hence, for a representation V of Gj^^~^ 
the restriction Kesj^^V is well-defined up to an isomorphism as a representation of 

Corollary 2.3 Assume that the residue field F is separably closed. Let V be a repre- 
sention of Gj^^ such that the restriction to Gi'Gk is a character x- Lete*{x) denote 
the character of Gj[, ^ defined as the pull-back by £* : Gj^, ^ — ?■ Gr''Gx (12.41) . 
Then, we have an isomorphism 

(2.6) Res/,^1^ -> Res/K ® e*{x) 
of representations of G^, ^ . 

3 Transitivity 

Let f : K -^ K' he an extension of complete discrete valuation fields. We say that K' 
is a smooth extension of K if the ramification index is 1 and if the residue field F' of 
K' is a finitely generated separable extension of the residue field F of K. 

Let f : K ^ K' he a. smooth extension of complete discrete valuation field and let 
e: r2^(log) — !■ m^^z/m^^ be an /-linear map. We consider the dual 

Homj7,(fiF/(log),m^,/my;^) -^ Romp {^f (log), m'^/m''^^) ®f F' 

of the map r2p'(log) <^f F' -^ VLpi{\og) induced by /. We also consider the translation 
+e as a morphism 9^, = Homi?/(nF/(log),m^,/m^^) — )■ 6^, . Their composition 
defines a morphism of schemes f* : 6'^, — )■ Qp compatible with Gp' -^ Gp and hence 
the pull-back functor /,,: (G|"+-FEt/eJ:^) -^ (Gf;+-FEt/eJ^). 



Proposition 3.1 Assume f : K -^ K' is smooth and consider the diagram 

U 



C 



<r+ 
K 



X 



(r) 



(Gf+-FEt/eP^ 



-)■ 






<r+ 
K' 

X 



(r) 



f^* > //^<r+ -oTT^j. /r>i'{^)\ 



-^ {Gf^-'-FEt/elV 



of functors. Then, there exists an isomorphism 



(3.1) 

of functors. 



-(r) 



/,, O X'^> ^ X^/ O /„ 



(r) 



Proof. We regard e: r2i?(log) — )■ m^^z/my; as an F'-rational point e: Spec F' — >• 
G]Ji . Let L be a finite etale algebra over K of log ramification bounded by r+. We take 
a cartesian diagram (11.31) over W{k) as in Lemma [Tm Take a morphism 5" — ?■ P^''^ over 
S* lifting e: Spec F' — > O*^''-' C P*-^-* and consider the composition S' — > P*-''-' — t- P — t- Pq. 



We put T' = ^' xp„ Qo- Since qJ^ ^ P 



'^ — Qy is etale, the base chage Qo Xpo 



pC'") _). pir) ig etale on the complement of the closed fiber in a neighborhood of the 
closed fiber. Hence, the i^'-algebra L' = r(T'x5/Spec K', O) is etale. The fiber product 
T' Xqo Eo is isomorphic to S' Xp^Eq = (S' Xp^ Dq) Xd^ Eo = F' Xp {F Xdo Eo) = 
F' Xp (T Xqq -Eo)red and is reduced since F' is separable over F. Hence, T' is the 
spectrum of the integer ring Opf . 

By the assumption that K' is smooth over K, there exists a commutative diagram 



S' 



S 



-^ Po^ 



-> Pn ^ 



D' 



Dr 



of schemes over W{k) satisfying the following conditions: The vertical arrow Pq — )■ Pq is 
smooth, the right square is cartesian, S"xp^P)g = Spec F' and f2p, ,^,^JlogiI'Q)(g)P' — )■ 



ni?'(log) is an isomorphism. 
We consider the diagram 



(3.2) 



r 



S' 



-^ Qo^ 



-^ Po ^ 



E'o 



D'o 



where the right square is the base change of that of (II. 3p by Pq — t- Pq and the left square 
is cartesian. Since T' Xq>^Eq = T' Xq^Eq = F' Xp (T Xg^ -Eo)i.cd = (T' Xq^ -Eo)red, the 
diagram (13. 2p satisfies the conditions corresponding to (11.31 1) and (ll.3[ 2). 



We define Qf ^ P^g^ and Q%^ -^ Pp and we identify P^g^ 



eJ)andpJ'^) = eS 



F " "^ S' F' 

as in (11. 5p . Tlien, tlie map Pg, — )■ Pg*^ x^ S" induced by P' — )■ P is smootli and lience 
tlie diagram 



(3.3) 



Qg, 



Ar) 



-.gr 



-> p. 



(r) 



is cartesian. Since tlie diagram 



(3.4) 



p./(r) fs* p.(r) 



y(r-) 



-> p, 



(r) 



is cartesian, we obtain a cartesian diagram 



.(r) 



^]./(^') 



(3.5) 



e 



/(r) 



M, 



-> X\^\L) 



e 



(r) 



compatible with the group homomorphism G]^^,~^ — )■ Gj^^ . 

Thus by the definition of the functor /e*, we obtain an isomorphism L' — )■ fi;*{L). 
The diagram (13.51) defines an isomorphism X)^;(L') — )■ /£^.X)^^(L) in the category 



Ar) 



{G^i -FEt/0^, ). The isomorphism is functorial in L and they define an isomorphism 

Xri o f^^ — )■ /e* o X^^' of functors. ■ 

We deduce the following transitivity. 

Corollary 3.2 Let f : K ^ K' and g: K' ^ K" be extensions of complete discrete 
valuation fields. We assume f is smooth and let e' be the ramification index of K" 
over K' . Lets: ^^^'(log) — )■ m^,/m^^ and e' : r2^/(log) — )■ m^'^,/m^'^,~'"^ be infinitesimal 
deformations and we put {g, e') o (/, e^ = (^go /, e") . Then, there exists an isomorphism 
of functors: 



(3.6) 



{g O f)e"* -> ge'* O fe*- 



Proof. The composition of the morphism (13.11) with the fiber functor Fg> gives a 
morphism 

Fg> o /^^ o xP -^ Fg, O X^^] O /^^ = ge'*o fe* 

of functors. By the canonical isomorphism Fgi o /^^ — )■ Fgn, the first term P^/ o /^^ o X)^ 
is identified with the functor {g o f)gi'^. ■ 



4 Proof of Theorem [2 



We prove Theorem [2] in the introduction. It is reduced to the case where r > is an 
integer, by considering the base change by log smooth extension as in fS', Lemma 1.22]. 
We regard an F-vector space V of finite dimension as a smooth additive algebraic 
group over F and let pr^^, prg : V x V ^ V he the projections and — : V x V ^ V he 
the subtraction {x,y) ^^ y — x. By Lemma [4.21 below, it suffices to prove the following. 

Lemma 4.1 Let x be a character of Gi^ Gk and regard it also as a character of 
TTi{Qp)^^ by the surjection ( II. 6p . Then, we have an equality prgX = pr^x • —*x of 

characters ofni^Q-' x QpY^. 

Lemma 4.2 ([3, Lemma 1.23]) Let F be an algebraically closed field of character- 
istic p > and regard an F -vector space V of finite dimension as a smooth additive 
algebraic group over F. Let tti{V)^^^ be the quotient of the abelian fundamental group 
7ri(V^)^^ classifying etale isogenics. Then, for a character x of 7ii(y)^^ , the following 
conditions are equivalent: 

(1) X factors through the quotient 7ri(V)^'s. 

(2) We have an equality prgX = pr*x • —*x of characters of tti{V x VY^ . 



To prove Lemma [4. 11 we use the geometric construction in Section 1. We consider 
the smooth scheme P^^^ over 5* and the fiber product P^*"^ X5 P^^'\ The closed fibers 
pP and P^ Xf pP are identified with Q^^ and 9^;^ x Q^ . Let i G 9^:) C PM 
and rf G Qp Xp Qp c P'''"^ X5 P^''^ be the generic points. Define complete discrete 
valuation fields K' and K" to be the fraction fields of the completions of the local 
rings Op(r)^^ and Cp(r)x5P(r) .^ respectively. They are smooth extensions of K. Let 
1: K ^ K' denote the canonical map and pi,P2: K' — )■ K" denote the map induced 
by the projections P^"") Xs P^*"^ — )• P^*"^. 

We define infinitesimal deformations e: f2ir(log) — )■ m^^z/m^^ and e' : f2p/(log) — )■ 
m^„/m^/. The residue field F' of K' is the function field of 9^ and hence is the 
fraction field of the symmetric algebra 5'pHomi?(m'5^/m^^, r2i?(log)) of the dual vector 
space. We define e: Vtp{\og) — )■ m5^,/m.'^^ = F' ®p m'^/m^^ to be the map 

^^(log) ->HomF(m^/my'\ilF(log)) (g)^ m'^/m'^^ 

C 5^(Homp(m^^/m^/\ ^F{\og))) ®f m^/m^+' C F' ®f m^Jm"/^ 

where the arrow is the inverse of the isomorphism defined by the evaluation. 

Similarly, the residue field F" of K" is the fraction field of the symmetric algebra 
S'pHomir(m5^/m^^, r2ir(log)®^). Since K' is a smooth extension of K, we have an 
exact sequence — )• r2i7'(log) ®f F' — )■ fip/(log) — ;■ Hf'/f — ^ 0. Let e' : f2p/(log) — )■ 
m^/z/my^,^ = F" ®p m^/m^^ be a pi-linear map such that the restriction to f2ir(log) 
is 

Op(log) ^npilogf' -> HompK^/m^/\np(log)®2) ^^ ^^r^/n^^^+i 

C ^^(Homp(m^/my-\ ^^(log)®^)) ®p m^/m^/^ C F" ®p m^/m^+^ 
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where the first arrow is the map x i— )■ (— x, x) and the second arrow is the inverse of 
the isomorphism defined by the evaluation. 

Finally, we define a morphism fx: K' -^ K" over K. The subtraction map Qp x p 
Qp — )■ Qp is dominant and induces a morphism F' — )■ F" over F. We define ft: K' ^ 
K" to be a morphism over K lifting the map F' — )■ F". 

Lemma 4.3 We have 

(4.1) P2 0(l,£) = (pi,£')0(l,£) 

(4.2) /i0(l,£) = (pi,£')0l. 

Proof. They are equalities of deformations of the canonical map K — )■ K". Hence, it 
suffices to prove the equalities of maps f2i?(log) — )■ m^„/m^,^ = F" ® m^/m^^. 

For the left hand side of (14.11) . it is induced by the map r2i?(log) — > r2p'(log)®^ 
sending x to (0,a;). For the right hand side of (14.11) . it is induced by the sum of the 
maps r2p'(log) — )■ flpi^og)®'^ sending x to (x, 0) and to (— x, x). For both sides of (14. 2p . 
they are induced by the map r2^(log) — )■ r2^(log)®^ sending x to (— x,x). ■ 

Proof of Lemma \4-l\ We may assume that the residue field F is separably closed. 



Let X be a character of Gr'^G^. Let ^*{x) be the character of G]^^,'^ defined as the 
composition of x with 

G§+ -i:^ 7ri(e^-))^^ ^ Gt^Gk. 



Since the canonical map rj^: G-^„ — t- 7ri(0y x 9^) is surjective, it suffices to show 

the equality p^r(x) = VlC{x) ■ l^*C{x) of characters of Gf,;^. 

Since Gi^ Gk is a central subgroup of Gj/~^, there exists an irreducible representa- 
tion V of Gj^^~^ such that the restriction to Gr'^G;^ is the scalar multiplication by the 

character x- By Corollary 12. 3^ we have an isomorphism Resi^I^ — )■ Res <r+V^ CS) 'C*(x) 

of representations of Gj^,^ . By Corollary 13.21 and by (14. ip and (14.20 . it induces isomor- 
phisms 

Resf€+V ® p^r (X) ^ ReSp.^.Res'jI+V ® ptr(x), 
Res%\v ® fi*C{x) ^ ReSp^.^Res'jJ+l^ 



of representations of Gj^it . Thus, we obtain an isomorphism 

Res'X+V ® ^IC\X) ^ ResJ:|> ® ptr(x) ■ l^*C{x)- 

Since Gj^^,^ —^ Gj^^ is surjective, this implies an equality P2^*(x) = Pi^*(x) ' l^*i*{x) 
of characters of G^,t by Schur's lemma. Thus the assertion is proved. ■ 
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As in [3l Corollary 1.26], Theorem |2] has the following consequence. Let V be an 
£-adic representation of Gk- Since P = G^j is a pro-p group, there exists a unique 
direct sum decomposition V = 0g>Q ^^q V^*-*^-* by sub G/^-modules such that the G^^i^g- 
fixed part is given by V^^^tiog = 0^^^ ^(q). We put SwkV = Er ^ " ^^nk V^''^ e Q. 

Corollary 4.4 

Swi^V^ G Z[-]. 

Liang Xiao claims a stronger assertion Swi<:V^ G Z in [4, Theorem 3.5.11]. 
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